FINITE DIMENSIONAL POINTED HOPE ALGEBRAS 

OVER §4 
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Abstract. Let k be an algebraically closed field of characteristic 0. We 
conclude the classification of finite-dimensional pointed Hopf algebras 
whose group of group- likes is S4. We also describe all pointed Hopf 
algebras over §5 whose infinitesimal braiding is associated to the rack of 
transpositions. 



1. Introduction 

The classification of finite-dimensional Hopf algebras over an algebraically 
closed field k of characteristic is a widely open problem. Strictly different 
techniques are employed when dealing with semisimple or non semisimple 
algebras. In this later case, useful techniques have been developed for the 
special case of pointed Hopf algebras. 

A significant progress has been achieved in |AS3| in the case of pointed 
Hopf algebras with abelian group of group- likes. When the group of group- 
likes is not abelian, the problem is far from being completed. Some hope 
is present in the lack of examples: in this situation, Nichols algebras tend 
to be infinite dimensional, see for example |AF] . [AFGVlj . [AZ] . [AFZj . 
Nevertheless, examples on which the Nichols algebras are finite dimensional 
do exist. Over S4 these algebras are determined in [AHS]: there are 3 
of them, all arising from racks in S4, associated to a cocycle. When the 
cocycle is —1, there are two Nichols algebras, one corresponding to the rack 
of transpositions and the other to the rack of 4-cycles, presented in [MSJ and 
|AGlj . respectively. When the cocycle is non-constant, this Nichols algebra 
was defined in [MS] and, independently, in [FKj as a quadratic algebra. 
These three Nichols algebras are an exhaustive list of Nichols algebras in 
the category of Yetter Drinfeld modules g'^y'D, and in this paper we prove 
that all pointed Hopf algebras H with G{H) = S4 are in fact liftings of 
them. Up to now, only two Nichols algebras over S5 are known to be finite- 
dimensional. Here, we describe all their liftings. 

In [AG2| . a family of pointed Hopf algebras was defined; these were shown, 
by means of Grobner basis, to be liftings of the Nichols algebras associated 
to the class of transpositions and constant cocycle -1. Following ideas from 
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that paper, we define two more families of Hopf algebras, and show that they 
are liftings of the other Nichols algebras. We remark that our proofs do not 
use Grobner basis, instead, we develop part of the representation theory 
for these algebras and combine this new knowledge with some techniques 
on quadratic algebras to prove that these algebras are liftings of S4, see 
Proposition 15.11 The main theorem of the present paper is the following: 

Main Theorem. Let H he a finite- dimensional pointed Hopf algebra with 
G{H) = §4, H 7^ IkS4. Then H is isomorphic to one and only one of the 
following algebras: 

(1) ^{Ol-l)^m; 

(2) ^{oi-i)im; 

(3) ^{Olx)mA; 

(4) n{Ql^[t]), for exactly one t G Pfc/ 

(5) nlvlt]), for exactly one t G P^; 

(6) nam- 

See Subsection 2.4 and Definitions I3.8H3.10] for a description of the al- 
gebras mentioned above. We point out that S4 is the second finite non- 
abelian group which admits non-trivial finite-dimensional pointed Hopf al- 
gebras such that the classification is completed, the first one being S3 [AHSJ. 

The paper is organized as follows. In Section 2 we recall some basic facts 
about Hopf algebras and racks, with examples, together with the definitions 
of three Nichols algebras in §^3^^^ and two in ^^yD. In fact, we present a 
proof showing that two of these braided Hopf algebras are Nichols algebras, 
a fact that seems to be absent in the literature. All of these algebras are 
quadratic. We explicitly describe the set of quadratic relations in a Nichols 
algebra associated to a rack and a cocycle. In Section 3 we show that a 
pointed Hopf algebra whose infinitesimal braiding is subject to certain hy- 
pothesis is generated by group- likes and skew-primitives. We define families 
of pointed Hopf algebras associated to quadratic lifting data (Def. 13. 5p and 
explicitly distinguish three of these families, which will be of our interest 
later on. In Section 4 we use some quadratic-algebra techniques to provide 
a bound on the dimension of an algebra belonging to one of the families 
defined previously, and we use this to prove that, under certain conditions, 
these families give all possible pointed Hopf algebras over a given group. In 
Section 5 we develop part of the representation theory for the algebras we 
have remarked in Section 3, in order to prove that for each one the group of 
group-likes is the symmetric group S„. Thus we show that these algebras are 
liftings of the Nichols algebras over S„ from Section 2. Finally, in Section 6 
we prove the Main Theorem. We also show that the liftings of S5 defined 
exhaust the list of finite-dimensional pointed Hopf algebras over S5 which 
are liftings of one of the known finite-dimensional Nichols algebras over this 
group. 
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2. Preliminaries 

2.1. Conventions. Let H he a Hopf algebra over k, with antipode S. We 
will use the Sweedler's notation A(/i) = hi ® h2 for the comultiplication 
[S]. Let be the category of (left-left) Yetter-Drinfeld modules over H. 
That is, M is an object of if and only if there exists an action • such 
that (M, •) is a (left) -ff-module and a coaction 5 such that (M, 8) is a (left) 
//-comodule, subject to the following compatibility condition: 

5{h ■ m) = him^iS{h^) /i2 • "^0, Vm G M, h £ H, 

where 5{m) = m_i rriQ. If G is a finite group and H = kG, we denote 
^yV instead of ^yV. 

2.2. The Lifting Method for the classification of Hopf algebras. Let 

(y, c) be a braided vector space, i. e. y is a vector space and c G GL{V (dV) 
is a braiding: (c(g)id)(id (g)c)(c(g)id) = (id (8)c)(c(g)id)(id Oc) G End{V(SiV(^V). 
Let «B(y) be the Nichols algebra of (F,c), see e. ff. fXS^. Let J = be 
the kernel of the canonical projection T{V) ^(V); J = ©n>o^" is a 
graded Hopf ideal. If J2 is the ideal generated by %2{V) = T{V)/J2 is 
the quadratic Nichols algebra of (V^,c). 

The coradical Hq of H is the sum of all simple sub-coalgebras oi H. In 
particular, if G{H) denotes the group of group-like elements of H , we have 
IkG(if) C //q- We say that a Hopf algebra is pointed if ffo = kG{H). Define, 
inductively, Hn = A^^(H ® + Hq H). The family {i?i}i>o is the 

coradical filtration of i/, it is a coalgebra filtration and satisfies Hi C ffj+i, 

= U ) see [M] , [S] . It is a Hopf algebra filtration if and only if Hq 
is a sub- Hopf algebra of H. In this case, for grH{n) = Hn/Hn-i (set 
= 0), gr H = ©„>ogri7(n) is the associated graded Hopf algebra. Let 
vr : grff — > //q be the homogeneous projection. We have the following 
invariants of H: 

• R = {grHy°'^ is the diagram of H; this is a braided Hopf algebra 
in ^^yV, and it is a graded sub-object of griJ. 

m V := R{1) = P{R), with the braiding from ^°3^D, is called the 
infinitesimal braiding of H. 

It follows that the Hopf algebra gr H is the Radford biproduct grif ~ 
Ri^kG{H). The subalgebra of R generated by V is isomorphic to the Nichols 
algebra ^{V). 

Let r be a finite group and let Hq be the group algebra of T. The 
main steps of the Lifting Method |AS2j for the classification of all finite- 
dimensional pointed Hopf algebras with group T are: 

• determine all V G ff^^yi^ such that the Nichols algebra ^{V) is finite 
dimensional, 

• for such V, compute all Hopf algebras H such that gr i7 ~ 53(y)[jlkr. 
We call H a lifting of !B(y) over T ^ G{H). 
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• Prove that any finite-dimensional pointed Hopf algebras with group 
r is generated by group-likes and skew-primitives. 

2.3. Racks. A rack is a pair {X, >), where X is a non-empty set and 1> : 
X X X ^ X is a function, such that (pi = i \> {■) : X ^ X is a bijection for 
all i G X satisfying: 

i\> {j \>k) = {i\> j) > {i> k), \fi,j, k e X. 

The following are examples of racks. 

• Let G be a group, g £ G, and Og the conjugacy class of g. Then, if 
X \> y = xyx~^, {Og, \>) is a rack. 

• If G = S„ and r is a j-cycle, we will denote by O", or Oj if n is fixed 
by the context, the rack induced by its conjugacy class. 

• In particular, we will work with the racks O2 of transpositions in 
and with the rack Of of 4-cycles in S4. 

• If {X, [>) is a rack, then the inverse rack {X^^, >^^), see |AFGV2| . is 
given by X~^ = X and i\>~^j = k, provided i\>k = j, y k G X~^. 
Indeed, note that i[>~^ {j[>^^k) = s 4^ i>s = j>~^k j>{i\>s) = 
k. While {i j) >^'^ {i [>^^ k) = u ^ {i 1>^^ j) > n = i [>"^ k ^ 
i > {{i i) >u) = k ^ {i\>{i \> {i\>u) = k j > {i\>u) = 
k<^i\>u = i\>s<^u = s, since cpj, (pi are bijections. 

Note that the racks Of and C?| on §4 are not isomorphic, since, for i E Ol, 
we always have 0^ = id, and for i £ Of (l)f = id, but 0^ 7^ id. 

A rack {X, \>) is said to be indecomposable if it cannot be decomposed as 
the disjoint union of two sub-racks. It is said to be faithful if (pi = (pj only 
for i = j. We refer the reader to |AGlj for detailed information on racks. 

Let {X,\>) be a rack. A 2-cocycle q : X x X ^ k*, {i,j) ^ Qij is a 
function such that 

Qi,jC>kQj,k = Qi>j,i\>kQi,ki "^iij^k £ X. 

In this case it is possible to generate a braiding in the vector space kX 
with basis {xi}i,=x by c'^{xi Xj) = qijXi^j ® Xi, yi,j S X. 

Examples 2.1. • Let {X, [>) be a rack. A constant map q : X x X ^ 

k*, i. e. q^T = C for every a,T £ X , is a 2-cocycle. 

• [MSl Ex. 5.3] Let (X, >) = O^. A 2-cocycle is given by a function 
X '■ X X X ^ k* defined as, if r, cr G X, r = (ij) and i < j: 

/l, ifa{i)<a{j) 
ifa«>a(i). 

The dual braided vector space of (kX, c"^) is given by {kX^^ ,c^), with 
(1) qkl = qkkt>-H, k,l£X'^. 

Indeed, let Y = {y* : i £ X} be a dual basis of {xi : i £ X}, and consider 
the pairing (•,•) defined as {xi Xj,y^ (E) y^) = Si^i6j^k, for i,j,k,l £ X. 
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The braiding c* is thus {xi ® Xj,c*{y^ y')) = (c(xj Xj),y^ y') = 
qij{xit>j Xi,y^ (g) y'-) = qij6i^it^j5k,i = qk,k>-^Sk>-H,j^k,i and thus c*{y'' 

2.4. Nichols algebras associated to racks. Let X be a rack, q a. 2- 
cocycle. We wih denote by ?B(X, (7) the Nichols algebra associated to the 
braided vector space (kX, c*?). Let TZ be the set of equivalence classes in 
X X X for the relation generated by (i, j) ~ (i > j, i). Let C £ TZ, £ C. 
Take ii = j, 12 = i, and recursively, ih+2 = ^h+i l> Hi- For each C, there 
exists n € N such that in+k = ifc, A; G N. Let n{C) be the minimum such 
n; thus C = {ii, . . . , i„(c)} and n(C) = #C. Let TZ' be the set of all C G 7^ 
that satisfy 

n(C) 

(2) n'?^.+i.^'.=(-ir^''^- 

Lemma 2.2. A basis of the space j"^ of quadratic relations of ^{X,q) is 
given by 

n{C) 

(3) he : = ^ r]h{C) Xi^^^Xi^, C G 7^', 

h=i 

where r/i(C) = 1 and r]hiC) = (-l)''"^^fei%i2 • • • Hhih-i> h>2. 

Proof. Let Uc be the subspace of kX kX spanned by Xj Xj, (i, j) G C. 
Then J'^ = ker(c'? + id) = ecG7jker(c^ + id)\uc- We have det(c'' + id)\uc = 
Ul=i + 1- If this is 0, then be spans ker(c'' + id)\uc- ° 

Remarks 2.3. The constant cocycle q = —1 evidently fulfills ([2]), and r]h{C) = 
1 for every C G 7^, /i = 1, . . . , n(C). 

More generally, the constant cocycle q = uj, for —uj a primitive /-th root 
of unity and l\n{C), also fulfills ([2]), and r]h{C) = {—uj)^^'^ for every C G 
7^,/^ = l,...,n(C). See [SGTI Lem. 6.13]. 

It is easy to see that the cocycle x Examples 12.11 fulfills ([2|) for every 
C G 7^. 

When dealing with the racks 02,0f, an equivalence class C G TZ may 
have only 1, 2, or 3 elements, and thus a relation on the basis is composed 
of at most three summands. 

Theorem 2.4. (1) Let 3 < n < 5. The Nichols algebras 53(0^,-1) 
are finite dimensional, of dimensions 12, 576, 8294400, respectively, 
and it holds 58(0^, -1) = ^2(0^, -1)- 
(2) dim5S(0|, -1) = 576 and !B(C|, -1) = ^2(0|, -1)- 

Proof. We see (1). Cases n = 3,4 are in [MS[ Ex. 6.4]. For n = 5, the 
algebra was introduced as a quadratic algebra in |MSj . Graha established 
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^2(^) = ^(^) in |Cj3j . Its dimension was determined by Roos with com- 
puter program Bergman. (2) is |AGll Th. 6.12], using Bergman. □ 

It turns out that the Nichols algebras iB(C'|,x), 5S(C'f,x) are also qua- 
dratic. To see this, we recall here the notion of differential operators asso- 
ciated to a rack (X, o) in a Nichols algebra 5B(X) arising from that rack. 
For X € X, let x* be the dual element to x in (kX)* and, for m 7^ 1, ex- 
tend it as zero in ^B*", the homogeneous component of degree m of ^{V). 
Define 6x '■ 53" — > Q3"~^ by 6x = (idCgix*)A, where A is the comultiplication 
of the Nichols algebra. These skew-derivations provide a powerful tool to 
decide whether an element in the algebra is zero or different from zero, since 
a G QS"^ (m > 2) is zero if and only if Sxia) = Vx G kX, see |AG11 Section 
6]. The following proposition has been assumed to be true in the literature. 
We thank Matias Grafia for providing us the computations needed to finish 
its proof. 

Proposition 2.5. Let n = 4, 5. The Nichols algebra 53(02, x) ^-^ quadratic 
and has dimension 576, 8294400, respectively. 

Proof. Let n = 4, B = »2(0|,x)- According to [FKl Probl. 2.3], the 
Hilbert polynomial of the algebra B is 

(4) PB{t) = [2f[3f[4]^ 

where we denote by [k] the polynomial l + t + t'^ + . . .+t^~^. Thus, dimi? = 
Pb(1) = 2^3^4^ = 576. Equation (jl]) also imphes that the top degree (cf. 

Se ction 6]) of B is 12. If ^^^{0^ x) / we would get B = ^{O^ x) 
by [SGTl Th. 6.4 (2)]. Let 

a = X(i2), 6 = X(i3), c = a;(i4), d = x^23), e = a^(24), f = X{34)- 

Consider abacabacdedf G *B^^(lk02, x)- We use derivations and the help the 
computer program Deriva [G2j developed by Matfas Grafia to see that 

6cSb6cSaSbSd6cSbSfSdSfSe{cLbacabacdedf) / 

and thus ^^^{Oix) + 0. 

For n = 5, the result follows similarly. In this case, the Hilbert polyno- 
mial is P{i) = [4]^ [5]^ [6]^, see again [FK, Probl. 2.3]. Therefore we have 
that dim^2(02>x) = 8294400 and that its top degree is 40. Now, take 
a, 6, c, d, e, f as before and 

g = X(i5), h = X(25), k = X(35), m = ^(45). 
Again, using Deriva, we see that ^^^{02, x) 7^ since the operator 

O 6e6mSg6e6k6g6c6h6eSg5k6d6e5g5k6bSa6d5cSaSb 

satisfies V{abadabadgabadabadgabagdabadgcechcechfkfm) / 0. □ 
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Let US describe explicitly all these Nichols algebras: 

53(0^, -1) = Ik(x(ij-), 1 < i < j < n\xf-j^, x^ij)X^ki) + X(ki)X(ij), (ij) + (kl), 
X{ij)X(jk) + X[jk)X{.ik) + Xf.ik)X(ij), l<i<j<k<n); 
^(.C>'2,x) = Hx(^ij), l<i <j < ra|x(jj.), - X(^M)X(ij), (ij) / (kl), 

•^{ij)'^{jk) •^(jA:)'^(ifc) '^(ifc)-'^(ij) ) 

^{3k)X{ij) - X(ik)X{jk) - X(ij)X(ik), l<i<j <k<n); 
^{Oj, -1) = k{x„, a £ Oj\xl, x„x„-i + x„-ix„, 

XcrXr + XuXfj + XrXu, if fJT = ua and t ^ a ^ v £ O4). 

2.5. Nichols algebras of Yetter-Drinfeld modules. Let G be a finite 
group, O = {ti,...,trt} a conjugacy class in G and p : ^ GLiV) an 
irreducible representation of the centralizer of a fixed element s E C 
Assume s = ti, and let G G, i = 1, . . . , n such that gisg^^ = ti. Irreducible 
Yetter Drinfeld modules over G are in bijective correspondence with pairs 
{0,p). For such pair, the module M{0,p) is defined as (7j <8i V, with 

action and coaction given by: 

g- {9i®v)= gj {p{'y){v)), 5{gi ®v)=ti® {gi ® v), 

for 7 € G** such that ggi = gj'j. When the representation p is one dimen- 
sional, the underlying braided vector space of M{0, p) is (kX, c'^), where X 
is the rack given by the conjugation on O and g : X x X — > k* is a 2-cocycle. 
The equivalence is given by q{ti,tj) = p^j), for 7 G G* such that gigj = gkj- 
Let ^{0,p) denote the Nichols algebra of M{0,p). The following theo- 
rem lists all irreducible modules M(0, p) in g^3^^? such that p) is finite- 
dimensional. If G = §4, s = (1234), let p_ be the character of G^ = (s) = Z4 
given by p_{s) = -1. If s = (12), G" = ((12), (34)) ^ Z2 x Z2; let 
e and sgn be the trivial and the sign representations of Z2, respectively. 
Note that ^1^(0^, sgn ® sgn) ^ (kOf,c''), M{0^, sgn®e) ^ {kO^,c^) and 
M{Oi,p_) ^ (kOtc*), for n = 4,5 and g = -1. 

Theorem 2.6. [AHSl Th. 4.7] The only Nichols algebras of Yetter-Drinfeld 
modules over §4 with finite dimension are ^8(01, sgn sgn), ^8(01, sgnigie) 
and ^{Of,p_), up to isomorphism. All have dimension 576. □ 

Remark 2.7. When n = 5, if M / 71^(01, sgn 0;u), M(C'| 3, sgn ®e) for p E 
{e,sgn}, the associated Nichols algebra is infinite dimensional, see |AFZ| . 
It is not known if the Nichols algebra ^(Of 3, sgnigie) has finite dimension; 
this is the only open case in S5. 

If H is a Hopf algebra with bijective antipode (in particular, if H = kG), 
the category is rigid. Explicitly, let M S with linear basis {ej}"^^ 
and dual basis {e^}^^^. Its (right) dual M* is the dual k- vector space of M 
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with action and coaction given by: 

n 

(5) {h-f){m)=f{S{h)m), /(_i)®/(o) = j;5-'((e.)(„i))®/((e.)(o))e\ 

i=l 

for / G M*, m £ M. The left dual *M is defined analogously. When 
H = kG, *M ^ M*. If X is a finite rack and q a 2-cocycle, *B"(X,g)* ^ 
Q5"(X-\g), for g as in (P. Besides, if dim«B(X,g) < oo, then ^lx,q)* ^ 
see [SI Lem. 2.6]. 

3. Pointed Hopf algebras associated to racks. 

Let X be a rack, q a 2-cocycle. In this section we are interested in finite- 
dimensional pointed Hopf algebras H such that its infinitesimal braiding 
arises from a principal YD-realization of {X, q) over a finite group G. We 
recall from [AG 21 Def. 3.2]: this is a collection {■, g, {xi)iex) where • is an 
action of G on X] g : X ^ G is a function such that g^.i = hgih~^ and 
gi ' j = j] and the family {xi)i€X, with Xi '■ G ^ k*, is a 1-cocycle, i. e. 
Xi{ht) = Xi{t)Xt-i{h), for aU i £ X, h,t £ G, satisfying Xi{gj) = Qji- The 
realization is said to be faithful if g is injective. Let K be the subgroup 
of G generated by the image of X; K acts by rack automorphisms on X. 
In Theorem 13.11 below we show that, if *B(X, g) is finite-dimensional and 
*B(X~^,g) is quadratic, such a pointed Hopf algebra must be generated by 
group-likes and skew primitive elements. Another relevant result concerning 
these algebras is Lemma l3.2( where we show that certain relations hold in 
such an H. Finally, we define families of pointed Hopf algebras associated to 
a given data, some of which will be shown to be liftings of quadratic Nichols 
algebras. 

3.1. Generation in degree one. The following theorem, which agrees 
with a well-known conjecture |ASH Conj. 1.4], is a key step in the clas- 
sification. When {X,q) = (0^,-1), n = 3,4,5 the result is [SG2[ Th. 
2.1]. 

Theorem 3.1. Let {X,q) be a rack such that ^(X,q) is finite- dimensional 
and ^{X~^ ,q) is quadratic. Let H be a pointed Hopf algebra such that its 
infinitesimal braiding arises from a principal YD-realization of {X, q) over a 
finite group G. Then the diagram of H is a Nichols algebra, and consequently 
H is generated by its group-like and skew-primitive elements. 

Proof Let G = G{H), gi H = R^kG, S = R* the graded dual. By [XST| 
Lem. 5.5], S is generated hyV = S{1) and is a Nichols algebra if and only 
if P{S) = 5(1), that is, if 5 is a Nichols algebra. Now, ^{V) = 
Therefore, we want to show that the relations in ^B(y) = T{V)/J'v hold 
in S. By hypothesis, we deal only with relations in degree 2. It is easily 
checked that, \i r = be £ Jy as in ([3]), then r is primitive and satisfies 
c(r r) = r ®r, where c is the braiding in ^yT>. As dim S < oo, r = for 
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any such r. Therefore, there is a surjection 5B(y) S, P{S) = V = S{1) 
and S is a Nichols algebra. □ 

3.2. Lifting of quadratic relations. Let X be a finite rack, q a 2-cocycle 
on X. Let H he a pointed Hopf algebra such that its infinitesimal braiding 
arises from a principal YD-realization g, {xi)i<=x) of {X,q) over a group 
G. Let gr H = ^.-^q Hi/ Hi^i = R^kG. The projection of Hopf bimodules 
vr : Hi Hi/Hq is a morphism of Hopf bimodules over kG. Let u be a 
section of Hopf bimodules over kG and set a, = a{xi'^l) G Hi, then 

(6) Oj is {gi, 1) - primitive and giajg'^ = QijUi^j, Vi, j e X. 

Let TZ' be as in Subsect. 12. 4t recall that the space of quadratic relations 
J''^ for *B(X, g) is generated by the relations be for G E TZ'. For such G, let 

n(C) 

(7) </.c=5;r?,.(C)X,,_^,X,, 

h=l 

be a quadratic polynomial in the non-commuting variables {Xi : i G X}, 
with r]hiC) as in ([3]). Thus be = (pciixijiex)- If (i, j) £ C*, set 

ac = 4'ci{ai}iex) ^ H, gc = gjgi G G. 

Thus the elements ac are {gc, l)-primitives. 

Lemma 3.2. Let Oj be as in ([6]) and let us suppose that g satisfies: 



(8) giy^gjgk, 'ii,j,kex. 

Then there exist Ac G k, for all G G IV , normalized by 

(9) Ac = 0, if gc = 1, 
such that: 

(10) ac = Ac(l - 5c) inH,Ge 7^', 

(11) >^c = qki2Qkh>^k>c, V/cgX, 

^/ = {ii , . . . , in} G 7^' and A;>C = {A;l>ii,...,A;> in} ■ 



If X is faithful and indecomposable, and q is constant, then the 1-cocycle 
{Xi)ieX is constant, Xi = X; for all i ^ X and a multiplicative character x 
ofG, and we have Ac = x^{t)\t.c, 'it^G. 

Proof. Let G G IZ' . As ac is {gc, l)-primitive, there are Ac and Aj G k, for 
every i G X such that ac = Ac(l — gc) + J2iex- gi=gc '^iO-i. Condition ([8|) 
forces Aj = for every i £ X and thus (jlOh follows. Relation (jlip follows by 
applying ad{gk) to both sides of ([TO]) . Indeed, let C" = /c > C = {i'j^, . . . , i^} 
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and note first that, as i'l = k \> ii, 12 = k \> 12, then i[ = k\> ii. Now, 

n 

ad{gk){ac) = ^Vh{C)qki^^^qkihak>ih+iakt>i„ 

h=l 



On the other hand, 



h=l 



ad{gk){Xc{'i- - 9c)) = Ac(l - gc) = — "C" = — Z^'nh{C')ai'^^^ai:^. 

h=l 

but 

^,{C') = {-lf^\,^,^...q,^,^_^ 

= ( — 1)^^^ qkf>i2kf>ii ■ ■ ■ qkt>ihk'>ih-i 

k=l k=l \k=l ) 

/i+l /h-\ \ 

= rih{C)^qki^ n^^ifc 



fc=3 \fc=l 



= Vh{C)qki^qki^+,qk^,i 

Therefore, ad{gk){Xc{l - gc)) = ^C/iCa ad(5fc)(ac)- Now, we have that 
ad{gk){ac) = 04^ac = 0<^gc = ^<^ gc = 1 and in this case Ac = Ac by 
([9j). If ad(g'fc) (ac) / 0, we have (fTTI) . Analogously, the last relation follows 
by applying ad{Ht) to both sides of p^ : 

n n 

ad(ift)(X] J = X] = X^(i)at C, and 

h=l h=l 

ad(i?t)(Ac(l - gc)) = T^At.c(l - 5t-c) = "r^at-c, 

thus Ac = xHt)>^t-c- □ 

Corollary 3.3. In the situation above, suppose that {X,q) is {02,—l), 
{Of, —1) or {P2-,x)- -^et ttj he as in Then ac = Ac(l — gc) -f^; /o?^ 
C £ TZ' and Ac G Ik as in Lemma lS.B . 

Proof. For {X,q) = (0^,-1), see f^G2l, Lem. 3.4]. We follow the proof 
there to check condition ([8]) in Lemma [3.2l for {Of, —1). In this case, for every 
k £ X, gi acts in the basis X by -1 times a permutation matrix (since 
the cocycle is q = —1) while gkgi acts as a permutation matrix in the same 
basis and thus gi / gkgi- Consider now {02,x)- Assume that i,k,l £ X are 
such that gi = gkgi- Take j £ X, then, i \> j = g^ ■ j = gkgi ■ j = k \> {I \> j) 
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and therefore jikl = iklj, V j € X. This would imply ikl = id in S„, which 
is not possible. Thus, the corollary follows by the previous lemma. □ 

Remark 3.4. Note that when dealing with the racks of transpositions in O2 
or O4, condition (llip determine the existence of at most 3 non-zero scalars 
Ac, say Ai, A2, A3, where the subindex is in correspondence with the number 
of elements in the class C, since K permutes the classes with the same 
cardinality. 

When G = S4, the infinitesimal braiding of H, V, is one of the mod- 
ules M(C'|, sgn sgn), M(C'2, sgn ®e), or M{Of,sgni^sgn), by Theorem 
12. 6[ Given V, if {X, q) are the associated rack and cocycle, the relations 
from Corollarv 13.31 hold in H for the realization where i : X ^ §4 

is the inclusion, • : §4 x X ^ X is the action given by conjugation, and q is 
either the cocycle q= —1 or the cocycle g = x ^-s in Examples 12. H as ap- 
propriate. In this case, = H^, Vo" G X. Therefore, by the normalization 
condition ([9|), we will have Ai = or A2 = in Corollarv 13.31 according if we 
are dealing with (02,q) or {Of,—l), respectively. Furthermore, when the 
cocycle q = x-, equation ([TT]) forces A2 = 0. 

Definition 3.5. A quadratic lifting datum, or ql-datum, Q consists of 

• a rack X, 

• a 2-cocycle q, 

• a finite group G, 

• a principal YD-realization {•, g, {xi)iex) of {X,q) over G such that 
g satisfies ([8]), 

• a collection {\c)c£n' satisfying ([9]) and pT]) . 

Definition 3.6. Given a ql-datum Q, we define the algebra 'H{Q) by gen- 
erators {ai,Ht : i €z X, t €z G} and relations: 

(12) He = l, HtHs = Hts, t,seG; 

(13) Htai = Xi(t)at.iHt, t e G, i e X; 

(14) c^c{{ai}iex) = Ac(l - Hg^g^), C G 7^^ {i,j) G C. 

Here ii = j, i2 = i, ih+2 = ih+i > ih and (j)c is as in ([7]). We shall denote by 
ac the left-hand side of (fT4|) . 

Remark 3.7. 'H{Q) is a pointed Hopf algebra, setting A{Ht) = Ht ® Ht, 
A(ao-) = ga a^^ + (d) 1, t G G, a £ X . Indeed, it is readily checked 
that the comultiplication is well-defined. In this way, T~i{Q) is generated by 
group-likes and skew-primitives; therefore it is pointed by [M, Lem. 5.5.1]. 

3.3. Pointed Hopf algebras over S„. Take A a finite-dimensional pointed 
Hopf algebra over S4. As said in Remark 13.41 in this case the ql-datums 

• Q-M*] = (§n,o^-i,-,^{o,A,r}), 

• Ql[X] = (§„,OJ,x,-,^{0,0,A}) and 
. = (§4,01-1, {A, o,r}); 
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for A, r,A G k, t = (A, r), are of particular interest. We will write down 
the algebras 'H{Q) for these datums in detail. In this case, relations (fTO]l for 
each C £ TZ' with the same cardinality are S4-conjugated. Thus it is enough 
to consider a single relation for each C with a given number of elements. 
See Lemma l6. II for isomorphisms between algebras in the same family. 

Definition 3.8. [SG2l Def. 3.7] TiiQ^^it]) is the algebra presented by 
generators {ai,Hr : i G 02,r £ S„} and relations: 

He = 1, Hj-Hg = Hyg, r, s G S„; 
HjUi = —ajijHj , i,j G i 
2 _ n 

^(12) — 

0(12)0(34) + «(34)a(12) = r(l " ^^(12)-f^(34) ) i 

0(12)0(23) + 0(23)0(13) + 0(13)0(12) = ^(1 - -^(12) ^(23) ) • 

Definition 3.9. 7i{Qn[^]) is the algebra presented by generators {ai,Hr : 
i G 02,r G Sn} and relations: 

He = 1, Hj-Hg = Hrg, r, S G Sn] 

Hjtti = XiU)ajijHj, i,j G O2; 

0(i2) — 

0(12)0(34) - 0(34)0(12) = 0; 

0(12)0(23) - 0(23)0(13) - 0(13)0(12) = A(l - i/'(12)-f^(23) ) • 

Definition 3.10. TC(I)[t]) is the algebra generated by elements {oj, Hr : i G 
Of,rG S„} and relations: 

He = Ij HjHg = Hj-g, r, s G S^; 

HjUi = -ajijHj, i G Ojj G O^; 

"(1234) = - i?(i3)i^(24)); 

0(1234)0(1432) + 0(1432)0(1234) = 0; 

0(1234)0(1243) + 0(1243)0(1423) + 0(1423)0(1234) = ^(1 " -^^(12) -^^(13) ) • 

4. Quadratic algebras 

Finite dimensional Nichols algebras in g^J^I? are all defined by quadratic 
relations, see Theorem 12.61 We need to know the dimension of the algebras 
in Definitions 13. 8^ 13.91 and 13.101 in order to show that they are liftings of 
these Nichols algebras. To do this, we first develop a technique on quadratic 
algebras to obtain a bound on the dimensions. We follow [BGj for our 
exposition. We fix a vector space W, and we let T = T{W) be the tensor 
algebra. This algebra presents a natural grading T = (Bn>oT"', with = k 
and T" = W^^ and an induced increasing filtration F^, with = ®j<iTK 
Let R <Z W ®W he a. subspace and denote by J[R) the two-sided ideal 
in T generated by R. A (homogeneous) quadratic algebra Q{W,R) is the 
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quotient T{W)/J{R). Analogously, for a subspace PcF'^=k®WB 
W W, we denote by J{P) the two-sided ideal in P generated by R. A 
(nonhomogeneous) quadratic algebra Q{W,P) is the quotient T{W)/ J{P). 

Let A = Q{W,P) be a nonhomogeneous quadratic algebra. It inherits an 
increasing filtration from T{W). Exphcitly, An = F'^/J^P) n F"; let 
Gi A = (Bn>GAn/ An-i be the associated graded algebra, where A^i = 0. 
Consider the natural projection -k : F"^ ^ W ®W with kernel F^ and set 
R = 7t{P) C W ^ W. Let B = Q{W,R) be the homogeneous quadratic 
algebra defined by R. Then we have a natural epimorphism p : B ^ Gr A. 
Exphcitly, let p' : T{W) ^ Gr^ be induced by the map W ^ Ai ^ Ai/Aq. 
Let X ^ R C T^. Then, there exist xq ^ k, xi ^ W such that x — xi — xq E P 
and therefore x = xi + xo € F'^/F'^ n J{P) = A2, thus p'{x) = G A2/A1, 
since xi + xq £ Ai. Hence p' induces p : B = T / J{R) Gv A. 

Lemma 4.1. Let x = xq — xi £ P r\ F^ he such that G k and xi S W. 
Then p{xi) = 0, so that p factors through a morphism of graded algebras 

Px-B = B/BxiB GtA, 

and therefore, dimGr""^ < dimS", Vn > 0. 

Proof. Indeed, xi + F^ n J{P) = xq € k and thus p{xi) = 0. The last claim 
follows since from p^ is an epimorphism of graded algebras. □ 

Proposition 4.2. Let Q he a ql-datum and Tl{Q) he as in Def. \3.6[ Then 

dimGr"?t:(Q) < dim%^{X,q) \G\. 

In particular, dim7i{Q) < dim5S2(^, ^)|G'|. 

For H = 'H{Q^^[t]) or 7i{Q.n[X\) and n = 4,5, the above proposition 
implies: 

• dimn{Q4^[t]),dimn{Q}[X]),dimn(V[t]) < 24^ < 00, 

• dim?^(Q5^[^]),dim?^(Q^[A]) < 2^^3^5^ < 00. 

Proof. 'H{Q) is the nonhomogeneous quadratic algebra Q{W,P) defined by 
W and P, for W = k{a„ Ht : i e X,t e G] s.nd P Ck®W ®W (^W the 
subspace generated by 

{He -l,Ht^Hs- Hts, Ht(^ai- Xtit)at.i Ht, 

ac - Acl + XcHg^g^, C en',t,seG,ie X]. 

Let R = 7r(P). Explicitly, R <ZW ®W \s the subspace generated by 

{Ht ® Hs, Ht®ai- Xiit)at.i Ht, ac, G £ TZ' ,t, s £ G,i £ X}. 

Let B = Q(W, R) be the homogeneous quadratic algebra defined by W and 
R. Let Yg be the algebra linearly spanned by the set {l,yt : t £ G}, with 
unit 1 and multiplication table: 



ytys = 0, s,t£G. 
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If *B2 = ^2iX,q), then B = where jj stands for the commutation 

relation myt){a4l) = Xiit)at-4yt, (lttl)(aijjl) = a^l, t £ G, i £ X. Thus 
we have an epimorphism p : *B2tt^G Gr'H(Q). 

Now, note that P f] = kji^g — 1} and thus, by Lemma |4.H we have 
p{He) = and an epimorphism pe : B ^ Gi7i{Q), with B = B/Bi/eB. The 
commutation relation and the fact that the elements {yt}teG Sire pairwise 
orthogonal, give By^B = ^2ye C B. This implies dimS" — dim(5S2ye) ^ 
dimGr"W(Q), and, as dimB" = dim%(|G| + 1), we have dim%|G| > 
dimGr"W(Q). □ 

We now apply Proposition 14.21 to show that all liftings of some quadratic 
Nichols algebras are of the form 7i{Q). 

Theorem 4.3. Let X be a rack, q a 2-cocycle. Let H he a finite- dimensional 
pointed Hopf algebra, such that its infinitesimal braiding is a principal YD- 
realization {•, g, {xi)iex) of{X,q) over G := G{H) that g satisfies As- 
sume that ^{X,q), 5B(X~-^,g) are quadratic and finite- dimensional. Then 
there exists a collection {Xc)cgTI' satisfying ([9]) and (fTT|) such that H = 
T-C{Q), for the ql-datum Q = {X,q,G, {■,g, {xi)iex), (Ac)cg7J')- 

Proof By Th. EH gr(i7) ^ 5S(X,g)tJkG. Therefore, we have dimH = 
dim^{X,q)\G\. On the other hand, by Lemma 13.21 there exists a collec- 
tion {Ac}cG7^' ^■^d an epimorphism TC{Q) H for the ql-datum Q = 
{X,q,G,{-,g,{xi)iex),{^c}c€n')- Thus dimH < dim?^(Q). Now, by 
Prop. dim?^(Q) < dim^{X, q)\G\. Therefore, H ^ n{Q). □ 

5. Representation theory 

We have seen that liftings of some quadratic Nichols algebras are of the 
form Ti-iQ) and now we investigate the converse, namely when TCiQ) is 
actually a lifting. 

Let Q = {X,q,G,{-,g,{xi)i£x),{^c}cen') be a ql-datum; assume that 
*B(X, g), ^(X~^ ,q) are quadratic and finite-dimensional. Let V be the 
corresponding YD-module. By definition the group of group-likes G{TL{Q)) 
is a quotient of the group G in the datum. Therefore, if vr : G ^ G{TC{Q)) 
is the induced epimorphism, any 'H(Q)-module W becomes a kG-module by 
letting t ■ w = Tr{t) ■ w, y w G W,t £ G. Thus any 'H(Q)-module is a direct 
sum of irreducible kG-modules. For i £ X, set Ji = {k £ X : gi = (7^}. 

Proposition 5.1. If there is a representation p : TCiQ) EndAf such that 

(i) P\G{n{Q)) o vr : G ^ End(M), is faithful; 

(ii) p{ai) i kp{G{n{Q))), for all i £ X; and 

(iii) the sets {p{aj)}j^j. are linearly independent for each i £ X ; 
then grn{Q) = ^{X,q)^kG. 

Proof By (jT]), G(?^(Q)) ^ G. Now, grH(Q) ^ ^{W)]\kG, for ^{W) £ 
a finite-dimensional Nichols algebra, by Th. 13. Ij and dimiB(H^) < 



FINITE DIMENSIONAL POINTED HOPE ALGEBRAS OVER S4 



15 



dimQ3(X,g) by Prop. [121 The map 'B{X,q) 9 ^ G n{Q)i/n{Q)o 
defines a morphism (j) : V ^ W ^ g^^^- Conditions ([nj) and (jmj) make (j) 
injective. Thus, we have a monomorphism q) ^ ^(W), see \AS2\ Cor 
3.3];soV^W. □ 

Remark 5.2. If z,j G X, then p{ai) ^ Ikp(G) implies that p{aj^i) ^ lk/9(G) 
by (fT3]) . Thus, if X is indecomposable, then ([u]) is equivalent to 
(ii') 3ieX such that p(ai) ^ k/)(G(W(Q))). 

On the other hand, if the realization is faithful (for instance, if X is faithful), 
then (jm]) is automatic. 

5.1. The standard representation of §„. Recall that S„ acts on 
permuting the vectors from the standard basis {ei,...,e„}. The vector 
e = ei + . . . + Bn is fixed by this action. The orthogonal complement to the 
space generated by this vector, with the restricted action from S„, is the 
standard representation of S„, that is the Specht module 5"^""^'"^^ associated 
to the partition n = n — 1 + 1. The canonical basis for this space is given 
by {vi, . . . , Vn-i} for Vi = ei — Sn- The action on the corresponding basis is 
described by: 



+ 1) • Vj = if i < n - 1, 

Vj - Vn if j < n, 
-Vn if j = n, 



(n — 1, n) • Vj 



This representation is faithful. If n > 4, there is another (n — l)-dimensional 
representation of S„, namely the Specht module S^'^'^" = S^'^~^'^^ S^^"^ 
associated to the partition n = 2 + 1 + -- - + 1, where S^^"\ the module 
associated to the partition n = 1 + • • • + 1, is the sign representation. For 
this module, we fix the basis {wi}, with Wi = Vi® i = 1, ... ,n — 1, if 
5(1") = k{z}. 

Let now Q be one of the ql-data Qn^[t], Qi[X], n > 4, or V[t]. We will 
construct: 

. a n{Q-^t])-module W{n) supported on S^^-^'^) © 5(2,1"-^); 
• a W(Q^[A])-module U{n) supported on S^^-^'^); 
. a W(P[t])-module V supported on ^(3,1) 5(2,i2)_ 

Note that for Q = Q^[X] a single irreducible kS„ module is enough. This is 
related to the fact that these algebras only depend on one parameter A. We 
have used the computer program Mathematica® to find the representations. 
Here we limit ourselves to give a basis B of these modules and write down the 
base-exchange matrix between B and the canonical basis of the kS4-module. 
We also write down the matrix defining the action of a(i2) or 0(1234) with 
respect to the basis B. The action of the other elements Ui, i X may be 
deduced from this one through commutation relations ()13l) . Thus, we will 
have the following proposition, which provides a Grobner basis-free proof of 
the analogous result in [AG2l Th. 3.8], for 'H{Q-'^[t]). 
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Proposition 5.3. Let n > A, t e k^A E k. Let An = W(Q^^[t]) or 

nam)- 

. G(^„) ^ Sn, An ^ kSn- 

• dimAi = 24^, dim A = 2^53^5^ 

• G{n{V[t])) ^ §4, ^ kS4 and dim?^(P[t]) = 24^ 

Therefore, for n = 4, 5, t/ie graded Hopf algebra associated to the coradi- 
cal filtration of 'H{Q~^[t]) (respectively 7i{Qn[X]),'H{'D[t])) is isomorphic to 
«(C'^,-l)tjkS„ (respectively 'B{0'^,x)^kSn, 55(0^ -l)ttkS4)- 

Proof. In view of Proposition 15. H it follows from Th. 12.61 and Rem. 12.71 
together with Th. 12.41 and Prop. 12.51 using the representations defined on 
Propositions 15. 4^ 15.51 and 15.61 ^ appropriate. □ 

5.2. Construction of W(Q)-modules. Let t = (r : A) / (0,0). 

Proposition 5.4. There is an irreducible 7{{Qn^[t]) -module W{n) such that 

• W{n) has a basis {(,i,Ci}^=i such that 

0126 = 2Ci, ai2Ci = 0, 

0126 = 0, ai2C2 = an(i)6, 
ai2'^i = 0, auCj =T^j,j >3. 

. W{n) 5(2.1"-^). 

/^ o(^-2)A- (n-3)r 

Here, a„(t = 2-^ ^ ^ 

n 

Proof Let n > 4, fix 6 = 6„ = gr^, and let (pn : W{n) © ^(^.i""') 

be the linear isomorphism defined, on the basis {^i,Ci}^=i {^i5^i}r=/ 
by 

... o\ 

... 

id„_3 

/ 

We define a structure of kS„-module on W{n) to make into an isomor- 
phism of kS„-modules. We have thus defined the action of the elements Ht 
on this module. For instance, for On-i E j^^^ix"-! the null matrix; pij, for 
2 < i < j < n, the matrix that interchanges the rows i and j, we have 

rrj 1 _ " On-l\ r rr 1 _ f On-l\ 







for [<I>^ 



/I 1 

-1 1 

b 
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where aki = Sk,ir]k, with 7^2 = —1, r]k = 1, k j/^ 2 and [lo], [/?] are, respectively: 



idn-i 
^0 



0\ 


-V 



1 



2 2 ^ 
1 + 6-252 

-6 1 + 6-262 
\ -6 1 + 6-262 









idn- 



0\ 







Thus ff(i2)ai2-H^(12) — -«12 — H{ij)0'l2Hi^ij) — -H"(n-ln)'^12-H'(n-ln) aild the 

commutativity relations hold. From this matrices, we may compute 



On-l ai3[l]\ r 1 _ / 0„_i a23[l] 

^"^3J-U3[2] 0„_J' [^^23]-^ [2] 0. 



where 013(1] and 023(1] are, respectively, the matrices 



A A(n-4)+r(6-2n) A-P a n\ 

2 2(n-2) 2 ^ ■ ■ ■ ^ » 

A(n-4)+r(6-2n) A(n^-8ra+16)+r(8n-24) A(n-4)+r(6-n) 

2n 2n(n-2) 2n 

(n-3)(A-r) (n-3)(A(ra-4)+r(6-n)) A(n-3)+r(4-n) 

n-2 (n-2)^ n-2 

P-A A(4-n)+P(n-6) 2P-A 

n-2 (n-2)^ n-2 



••• 
••• 



P-A A(4-n)+P(n-6) 2P-A 

n-2 (n-2)^ n-2 



rid 



n— 4 



A A(4-n)+P(2n-6) P-A n flN 

2 2(n-2) 2 ^ ■ ■ ■ ^ » 



A(4-n)+P(2n-6) A(n^-8n+16)+P(8n-24) A(n-4)+P(6-n) 
2n 2n(n-2) 2n 



••• 



(P-A)(n~3) (n-3)(A(n-4)+P(6-n)) A(n-3)+P(4-n) r. 

n-2 (n-2)^ n-2 ^ ' ' ' ^ 

A-P A(4-n)+P(n-6) 2P-A 

n-2 (n-2)^ n-2 



Tidn- 



A-P A(4-n)+P(n-6) 2P-A 

n-2 (n-2)^ n-2 
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and ai3[2], 023[2] are such that they both have nuh j-th column for j > 3 
and have the first three columns as follows: 



ai3[2] 



1 

2 
1 
2 

n— 3 
2-n 
1 

n-2 



1 

n-2 



n 


1 " 




" 1 


2(n-2) 
n 


2 
1 




2 

1 


2(n-2) 
n(3— n) 
(n-2)^ 
n 


2 

3— n 
2-n 
1 


, a23[2] = 


2 

n— 3 
n-2 
1 


(n-2)2 


2-n 




2-n 


n 


1 




1 


(n-2)2 


2-n_ 




_2-n 



n 


1 " 


2(2-n) 
n 


2 

1 


2(n-2) 
n(3— n) 
(n-2)^ 
n 


2 

n— 3 
n-2 
1 


(n-2)2 


2-n 


n 


1 


(n-2)2 


2-n_ 



The action of 034 differs from the case n = 4 or n > 4. If n = 4, 

034^1 = 2(5i,3Ci, a34Ci = r^i, 034(2 = (A - «34C3 = 0, 

while if n > 4 the action is given by 

034 [1]' 



034 



a34[2] 







where 034 [2] 



034 [1] 







8A+r(ra^-2n-12) 
n(n— 2) 
2(n-4)(3r-2A) 

(n-2)^ 
2(n-4)(3r-2A) 
(n-2)2 
4(2A-3r) 

{n-2r 





3r-2A 





3r-2A 



A(4-n)+r(n-5) A(4-n)+r(n-5) 



V 



4(2A-3r) 
in-2r 



2-n 

A(4-n)+r(n-5) 
2-n 
3r-2A 
n-2 



3r-2A 
n-2 



2-n 
A(4-n)+r(n-5) 
2-n 
3r-2A 
n-2 



3r-2A 

n-2 
















id 



■n— 4 



We can now check the quadratic relations. First, it is clear that a^2 
We are left with equations 



(15) 



012034 + 034012 = r(i 



(16) O12O23 + 023013 + O13O12 = A(l - i?(l2)^f(23)) 

Notice that in both equations, the left and right hand side is zero when 
computed on ^j, ("j for j > 3. The relation is checked on the rest of the 
generators by a rather straightforward, though tedious, computation. For 
instance, the left hand side of (fT6]) applied to ^1 is 



Ol2(-(Cl-C2) + -C3 + 

2 n — 2 



n 



1 Tl 



i>3 
1 



n 



^3 + ;73^E0) + 2oi3Cl 



J>3 
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, 1 (n-3)r^ r v^^, A + r(n-3)^ 

,2 



i>3 



2(n - 2) 



A(4-n) + r(n^-n-6) , (n-3)(2r-A)^ (A - 2r 
-I TT—, ?2 H ?3 + 



2n(n - 2) 



(n - 2)2 



(n-2)2 ^^-^ 
^ ^ i>3 



n-3,r-A^ A(n-4) +r(6-n)^ A(/i - 3) + r(4 - n) 
+ ^ ( — 7. — a H « H 



+ 



2-n' 2 

2r- A 



2n 



n 



2 ^^^^ 

i>3 



n 



, (n-3)(A-r) ^ r 
H ?3 + 



j>3 

-A 



n- 2 

V- , 1 , r..A, , A(n-4) + r(6-2n) ^ 



n-2 



n 



3A A (n-3)A 



Eo)] 

i>3 
A 



J>3 



And this equal the right hand side, since -f^(i2)-f^(23)Ci = 'Ci+6)+iE^6+ 
Sj>3^j- Finally, notice that 012 permutes the S„-modules S'("'~^'^) and 
5(2,1""^)^ then W{n) is irreducible. □ 

Proposition 5.5. There is an irreducible ^{{Q^lXl) -module U{n) such that 

• U{n) has a basis {^jjlL/ such that 

au^i = 2V^6, ai2Cj = 0, j > 3. 

Proof. Let : U{n) ^ ^C"-!-!) be the linear isomorphism defined, on the 
basis {Ciirri^ and {vi}'^!^ by 



/I 1 
1 -1 












idn-3 







We define a structure of kS„-module on U (n) to make 0„ into an isomor- 
phism of k§„-modules. In particular, we have defined the action of the 
elements Ht on this module. For instance, -^(12)^2 = —^2-, -ff(i2)Ci = ii-> 
1^2. The matrices i^(ij) with 2 < i < j < n are permutation matrices that 
interchange aij with aji. When j = n, we have that the kth row of is 
the fcth row of the identity n — 1 x n — 1 while the ith row is (2 — 1 ... — 1). 
Prom these matrices it is readily checked that i?(i2)ai2-ff(i2) = —012 and 
Hijai2Hij = ai2 for every i,j ^ {1,2}, and it is immediate that [012]^ = 0. 
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Now, for = (0, . . . , 0) G 



\ 




idn-4/ 

Thus, since 013 = if (23) 012-^(23)5 «23 = —-^^(13) 0^12-^^(13), have that, on 
the basis the matrices of these elements are, respectively. 



/I _i 
/ 2^ .2 

"2 
1 



2 

1 
2 
1 

*0 



1 

2 
1 

2 


*0 





1 

2 


1 

2 







1 


1 


1 







2 


2 


2 




1 


-1 










\*0 


*0 


*0 


idn- 


-4/ 



' 4. 



V 



.4 4. ^ 



A 
2 





i 

2 







o\ 






/A A 



A 
' 2 



A 
' 2 



4 



A 
' 2 



V 












Prom this description it is straightforward to check that [012023 — 023O13 — 
013O12] = A[l — ii(i2)^(23)]- Now, the matrix of 034 depends on wether n = 4 
or n > 4. On each case: 



[034] 




= 4; [034] 



/O 










A 

1 

2 










A 

1 

2 












\^0 











,n> 4. 



oy 



□ 



and we always have [oi2][o34] = = [o34][ai2]. U{n) is clearly irreducible. 
Proposition 5.6. There is an irreducible HCDlt]) -module V such that 
• V has a basis {Ci,Ci}f=i such that 

^1234^1 = 2Ci, 01234C1 = r^i, 
01234C2 = 2C2, 01234C2 = rC2, 

01234^^3 = 0, 01234 Cs = (A - r)^3. 

Proof. Let cf> : V ^ S^^'^^ ©5^^'^^^ be the linear isomorphism defined, on the 



[</>] 



1-3 

!Ji=l 


by 










/I 


1 











0\ 


-1 


1 

















-1 


1 




















1 


1 














-1 


1 
















-1 
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We define a structure of lkS4-module on V to make <j) into an isomorphism 
of IkS4-modules. We have thus defined the action of the elements Ht on this 
module. From the definition of the action for 0(1234) it is easy to describe the 
action of 0(1432) , 0(1243) > 0^(1423) and to check that it defines in fact an Tl{'D[t])- 
module. Since 0(1234) permutes 5(3.1) g^^^ 5(2,1^)^ Y is irreducible. □ 

6. Pointed Hopf algebras over S4 

In this section we prove the Main Theorem. We first need the follow- 
ing lemma, which establishes the isomorphism classes between the algebras 
belonging to one of the families defined on Definitions l3.8H3.10l 

Lemma 6.1. Let t,t' G k^. Then W(Q;^M*]) - ^(QnM*']) ^^^^ only if 
t^Oandt = t'£Florift = t' = (0,0), and the same holds for n{V[t]). 
Finally, W(Q^[A]) ^ W(Q^[1]), VA G k* anrf W(Q^ [1]) ^ W(Q^ [0]). 

Proof Let Q = Q^^t], Q^,[X] or V[t]; Q' = Q-^[t'], Q^[A'] or V[t']. Let H = 
n{Q), H = n{Q'). An isomorphism (p : H ^ H' induces 0|§^ G Aut(S„) for 
n = 4, 5 as appropriate, and thus we have a permutation ip : X ^ X such 
that 4>{Hi) = H^pij^^ and 4>{ai) is {H^(^i^, l)-primitive, for i £ X. Furthermore, 
(f> restricts to : Hi — > H[ between the second factors from the coradical 
filtration, and thus 0(oj) = ^o^(j) + — -f^</3(j))) G k. When X = O2, 
relation o? = makes ^ = 0, and for X = Of relation o? = r(l — Hf) makes 
fi = and r = 7]'^r'. Therefore, 0(o.j) = rja^f^iy Now, taking into account 
the rest of the quadratic relations, we have that, for Q^"'^[t] as well as for 
V[t], t = rjH'; while for Qn^[X\ we get A = 77^ A'. Thus the result follows. □ 

Proof of the Main Theorem. In Remark 13.71 we have already seen in that the 
algebras listed are pointed Hopf algebras. We have computed their dimen- 
sion in Proposition 15.31 Reciprocally, let H he a, finite-dimensional pointed 
Hopf algebra with G{H) = S4. By Th. 12.61 the infinitesimal braiding of H 
is isomorphic either to M{02, sgn (gi sgn), to M{02, sgn (ge) or to M{Of, p_). 
Since all these modules are self-dual, H is isomorphic to one, and only one, 
of the Hopf algebras in the list by Th. 14.31 Rem. 13.41 and Lemma |6. 11 □ 

Remark 6.2. The classification of finite-dimensional pointed Hopf algebras 
with G{H) = §3, done in |AHS| using [AG2j, can be alternatively proved in 
this way. 

We end this paper by describing in the following corollary a sub-class 
of finite-dimensional pointed Hopf algebras over §5. It follows in the same 
fashion as the Main Theorem. 

Corollary 6.3. Let A he a finite- dimensional pointed Hopf algebra with 
G{A) = §5 and let M G gfJ^'C he its infinitesimal braiding. 

• If M = M{Ol,sg-n.®sgn), then A ^ 'H{Q^'^[t\), for exactly one 
tGP[u{(0,0)}. 

• //M ^ M(C'f,sgn®e), then A^HiQUX]), for one \ e {Q,!}. □ 



22 



GARCIA, GARCIA IGLESIAS 



Acknowledgements. We thank Mati'as Graha for his assistance on the 
proof of Proposition 12.51 A.G.I, speciahy thanks Nicolas Andruskiewitsch 
for his patient guidance and careful reading of this work, which lead to a 
significant enhancement on its presentation, accuracy and extent. 



[AF] 

[AFGVl] 

[AFGV2] 
[AFZ] 

[AGl] 

[AG2] 

[AHS] 

[ASl] 

[AS2] 

[AS3] 

[AZ] 

[BG] 

[FK] 

[Gl] 

[G2] 
[G3] 

[G4] 

[M] 

[MS] 

[S] 



References 

Andruskiewitsch, N. and Fantino, F., On pointed Hopf algebras associated 
to unmixed conjugacy classes in §„, J. Math. Phys. 48, 033502 1-26 (2007). 
Andruskiewitsch, N., Fantino, F., Grana, M., and Vendrami'n, L. 
Finite- dimensional pointed Hopf algebras with alternating groups are trivial, 
arXiv:00812.4628. 

, On pointed Hopf algebras associated to symmetric groups //, in prepa- 
ration. 

Andruskiewitsch, N., Fantino, F., and Zhang, F., On pointed Hopf alge- 
bras associated with the symmetric groups, Manuscripta Math., Vol. 128, N. 3, 
359-371 2009. 

Andruskiewitsch, N. and Grana, M., From racks to pointed Hopf algebras. 
Adv. in Math. 178 (2), 177-243 (2003). 

, Examples of liftings of Nichols algebras over racks. Algebra Montp. 

Announc. 2003, Paper 1, 6 pp. (electronic). 

Andruskiewitsch, N., Heckenberger, I. and Schneider, H.J., The 
Nichols algebra of a semisimple Yetter-Drinfeld module. lafXiv :0803.2430vl. 
Andruskiewitsch, N. and Schneider, H.J., Finite quantum groups and Car- 
tan matrices. Adv. Math. 154, 1-45 (2000). 

, Pointed Hopf algebras, "New directions in Hopf algebras" , MSRI series 

Cambridge Univ. Press; 1-68 (2002). 

, On the classification of finite- dimensional pointed Hopf algebras. An- 
nals of Mathematics; Accepted, (2006). 

Andruskiewitsch, N. and Zhang, F., On pointed Hopf algebras associated to 
some conjugacy classes in S„, Proc. Amer. Math. Soc. 135 (2007), 2723-2731. 
Braverman, A. and Gaitsgory, D., Pomcare-Birkhoff-Witt Theorem for 
Quadratic algebras of Koszul type. Journal of Algebra 181, 315-328, (1996). 
FOMIN, S. and Kirilov A. N., Quadratic algebras, Dunkl elements and Schu- 
bert calculus. Progress in mathematics 172 , 146-182 (1999). 
Grana, M., On Nichols algebras of low dimension, "New trends in Hopf alge- 
bra theory"; Co ntemp. Math 267 , 111-13 6 (2000). 

http://mate.dm.uba.ar/' [ matiasg/programs/deriva.c. 



Deriva, 



, Zoo of finite dimensional Nichols algebras of non-abelian group type, 

available at http://mate.dm.uba.ar/~ matiasg/zoo.html. 

, A freeness theorem for Nichols algebras, J. Algebra 231 (1) 235-257, 

(2000). 

Montgomery, S., Hopf algebras and their action on rings, CBMS Regional 
Conference Series 82 (1993). 

Milinski, a. and Schneider, H.J., Pointed indecomposable Hopf algebras over 

Coxeter groups, Contemp. Math. 267, 215-236 (2000). 

M. Sweedler, Hopf algebras, Benjamin, New York, (1969). 



FaMAF-CIEM (CONICET), Universidad Nacional de Cordoba, Medina A- 
LLENDE s/n, Ciudad Universitaria, 5000 Cordoba, Republica Argentina. 
E-mail address: (ggarcia I aigarcia)@mate .uncor . edu 



